Abstract. The isolated spectrum of transfer operators is known to play a critical role in determining mixing properties of piecewise smooth dynamical systems. The so-called Dellnitz-Froyland ansatz places isolated eigenvalues in correspondence with structures in phase space that decay at rates slower than local expansion can account for. Numerical approximations of transfer operator spectrum are often insufficient to distinguish isolated spectral points, so it is an open problem to decide to which eigenvectors the ansatz applies. We propose a new numerical technique to identify the isolated spectrum and large-scale structures alluded to in the ansatz. This harmonic analytic approach relies on new stability properties of the Ulam scheme for both transfer and Koopman operators, which are also established here. We demonstrate the efficacy of this scheme in metastable one-and two-dimensional dynamical systems, including those with both expanding and contracting dynamics, and explain how the leading eigenfunctions govern the dynamics for both real and complex isolated eigenvalues.
1. Introduction.
Background and overview.
The isolated spectrum of transfer operators plays a critical role in determining mixing properties of dynamical systems. After [11] , transfer operator techniques have been applied in the study of almostinvariant sets in molecular dynamics [38] as well as ocean dynamics [18] . The socalled Dellnitz-Froyland ansatz initially proposed in [10] , asserts that eigenvectors of transfer operators associated to isolated spectral values encode global dynamical features, such as structures responsible for slower than expected mixing rates.
These structures are associated with metastability phenomena, which have also been studied via the transfer operator approach in recent years [31, 19, 14, 20, 13, 1] .
Despite being linear and bounded, transfer operators often have very complicated spectra, without any isolated eigenvalues, when considered in spaces such as L p (Leb) or the space of continuous functions; see e.g. [3, Theorem 2.5] . The efforts to better understand the behavior of transfer operators have led to the study of their actions on more general Banach spaces. For example, spaces of smooth functions C k , the space of bounded variation functions BV with its higher dimensional generalizations, Sobolev spaces of fractional order H t p , and others. The general strategy behind the choice of such a space is to ensure that the transfer operator L restricted to it is quasi-compact. Roughly speaking, L is quasi-compact if, outside a disk of radius ρ e < 1, called essential spectral radius, the spectrum of L consists of isolated eigenvalues of finite multiplicity, including 1. See §2.2 for more details.
The part of the spectrum corresponding to eigenvalues of magnitude 1 has received significant attention in the literature. A recent general result in this direction is [5, Theorem 14] 1 , which implies that under rather general assumptions -including piecewise expanding and hyperbolic settings -eigenvectors of eigenvalue 1 correspond to physical invariant measures 2 , that the multiplicity of 1 is given by the (finite) number of ergodic such measures, and that their basins cover Lebesgue almost every point of the state space. Also, there are finitely many eigenvalues of magnitude 1, all of which are roots of unity. Thus, there exists k ≥ 1 such that 1 is the only eigenvalue of modulus 1 for the transfer operator of L k . Early results in this direction, including some explicit bounds on the multiplicity of 1 are [25, 36, 22, 37, 9] 3 . It is also possible in some cases to give estimates [24] and even explicit formulas [29] for the essential spectral radius ρ e .
However, it is in general an open problem to give bounds on the number of isolated eigenvalues of magnitude greater than ρ e . In fact, the general theory only provides the existence of at least one, and at most countably many of them. The existence of non-trivial eigenvalues (that is, of magnitude strictly less than 1) was known for specific examples in the context of piecewise expanding affine Markov maps [2] , and general techniques for constructing such maps were developed in [10] . In the setting of smooth expanding maps, the first example that appeared in the literature is due to Keller and Rugh [32] . The transition from invariant to almostinvariant components is a delicate phenomenon, which can be observed in relatively simple systems. Consider the piecewise expanding map with three invariant subintervals shown in Figure 1 . Figure 2 shows numerical approximations to the top 5 eigenvectors of the transfer operator (top row) and its adjoint, the Koopman operator (bottom row) for the piecewise expanding map of Figure 1 .
In this case it is rather straightforward to (i) qualitatively distinguish the first three eigenvectors from the last two; and (ii) identify the three invariant components from the level sets of the first three Koopman eigenvectors. In contrast, consider Figure 3 (a) depicting a relatively small perturbation of the previous map, in which there are no invariant sets of positive Lebesgue measure other than the whole interval, and invariance of the three sub-intervals is turned into almost-invariance. Figure 4 shows the corresponding eigenvectors. In this case, questions such as "what are the almost-invariant sets?" and "how many of them are there?" become harder to answer by inspecting the eigenfunctions. The situation is even worse in multi-dimensional systems with a mixture of expanding and contracting behavior, as the corresponding eigenfunctions tend to be highly irregular along stable directions. This may even be the case for systems with an a priori clear presence of almost-invariant sets. In this paper we propose an algorithm for determining non-trivial isolated spectrum of transfer operators numerically. We also exhibit a harmonic analytic strategy to identify almost-invariant sets, based on the Dellnitz-Froyland ansatz. The rough idea is that by smoothing eigenvectors, it is possible to differentiate their underlying large-scale features. The pertinence of this approach in our setting is elaborated in §1.2.
To illustrate the scope of the proposed techniques, we present numerical experiments for one-and two-dimensional systems. The one-dimensional systems are piecewise expanding, and the two-dimensional ones have non-uniformly expanding and contracting directions. An advantage of the approach in the present paper is that it is useful even when dealing with one fixed discretization of the transfer operator. Indeed, it does not depend on the possibility of observing asymptotic behavior over a sequence of finer and finer approximations. This is an important fact, given that the construction of Ulam matrices with high resolution is still a time-consuming process.
We expect that this work will contribute useful tools for the study of mixing and metastability phenomena in more complicated systems, where rigorous theory may still be out of reach. Furthermore, we expect the ideas developed here can be extended to the case of random systems, such as those studied in [16, 21] but we do not pursue this approach further in the present work.
1.2. Approach. Our approach exploits prior knowledge about the regularity of transfer and Koopman eigenvectors, as well as a strong type of convergence of Ulam's numerical approximation scheme to detect isolated spectrum and almostinvariant sets in dynamical systems with hyperbolicity features.
When a non-singular system T : M has several invariant components of positive Lebesgue measure, the corresponding eigenvectors of the Koopman operator L * are particularly simple: they correspond to integration with respect to Lebesgue measure on the different invariant sets. This is a direct consequence of the fact that Leb(f ) = Leb(Lf ). Indeed, if A ⊂ M is invariant under T , then the linear functional f → A f dLeb is fixed under L * , when restricted to an appropriate space.
The strategy behind the numerical tests developed in this work is in some sense reminiscent of the above phenomenon. It is worth remarking that one can in principle observe a similar behavior for transfer operator eigenvectors, after rescaling all of them by the top one (the invariant density). This procedure may be useful in some situations, but it introduces numerical issues in cases where the invariant density is very far from uniform.
We rely on stability of Koopman eigenvectors, including control of certain regularity properties. It is worth pointing out that Koopman operators are receiving their own attention in the applied literature; see the recent article [7] . From a theoretical perspective, Koopman operators are often more complicated to deal with than transfer operators, even in relatively simple systems such as expanding maps. A reason for this is that if one wants to exploit functional analytical properties such as quasi-compactness, Koopman operators must be considered as linear operators on a space of distributions. Since rigorous results along these lines are, to our knowledge, not present in the literature, we develop the necessary theory as well.
In particular, a rigorous convergence result is established in the context of piecewise smooth expanding one-dimensional maps, building on technology developed by Keller and Liverani [30] .
More precisely, we establish a rigorous convergence result in the context of fractional Sobolev norms, which have been used in the transfer operator literature by Baladi and coauthors [4, 5] . It is worth remarking that in the applied literature on mixing systems, it has become customary to employ a similar type of Sobolev norm to measure mixing. These are the so-called mix-norms, introduced in [34] and recently reviewed in [40] . These two sets of norms are essentially related by duality: in the presence of expansion, the transfer operator behaves nicely on fractional Sobolev spaces of order t > 0, while the mix-norms are equivalent to fractional Sobolev norms of order t < 0.
One way to define fractional Sobolev spaces is via properties of their Fourier transforms. This characterization is the one that allows us to connect the theory with harmonic-analysis ideas, such as smoothing, to identify almost-invariant sets. This point of view also allows us to make use of existing harmonic-analysis tools for numerical implementations. 2. Theoretical preliminaries.
2.1.
Transfer and Koopman operators. Consider a dynamical system T : M , acting on a compact manifold, possibly with boundary. The Koopman operator L * associated to T arises naturally as the dynamical action of T on bounded functions:
The Perron-Frobenius or transfer operator associated to T is defined by duality. Provided M is equipped with a probability measure µ and T is non-singular with respect to µ (that is,
Throughout this work, µ will be the normalized Lebesgue measure, denoted by Leb.
While in the context of expanding and hyperbolic dynamical systems the analytical theory has been developed mostly for the transfer operator, we are primarily concerned with eigenvectors of the Koopman operator, as discussed in §1.2. In particular, we are interested in those eigenvectors associated to non-trivial isolated eigenvalues. Here, non-trivial means of magnitude strictly between the essential spectral radius ρ e and 1.
Fortunately, duality allows one to transfer several useful properties from a transfer operator L to the corresponding Koopman operator L * . One known example is quasi-compactness, which has been extensively exploited in the study of transfer operators. This is the topic of §2.2. Also, stability results may be translated from transfer to Koopman operators, although care is needed in the interpretation of convergence in a distribution space. This will be treated in §2.3.
2.2.
Quasi-compactness. Let L : X be a bounded linear operator on a Banach space. The spectral radius of L is defined as ρ(L) := lim n→∞ L n 1/n . L is called quasi-compact when there exists a number 0 ≤ ρ e (L) < ρ(L), called the essential spectral radius of L, and 1 ≤ l ≤ ∞ so that the spectrum of L outside the disc of radius ρ e (L) consists of isolated points r 1 , . . . , r l , all of which are eigenvalues of L of finite (algebraic and geometric) multiplicity 4 . We will refer to these as isolated eigenvalues of L.
When L is quasi-compact, it may be written as follows:
where P i is the eigenprojection and D i the eigennilpotent corresponding to r i , [3,
Furthermore, ρ(R) < |r l |, and the following relations are satisfied.
In particular, these imply that
Hence, quasi-compactness allows for the spectral analysis of the non-trivial isolated eigenvalues, which, together with eigenvalues of magnitude 1, are dynamically the most important. The adjoint of L : X , L * : X * , acts on the dual of X which is normed by
this is an exercise in [3] . In particular, if L satisfies (1), then L * may be written as follows:
Notice that the adjoint of a projection is always a projection, and the adjoint of a nilpotent is always nilpotent. Furthermore, R * * = R [28, III.3], and therefore ρ(R * ) = ρ(R) < |r l |. The adjoint version of relations (2) holds also.
2.3. Stability.
The Keller-Liverani result and a dual version.
It is known that, in many interesting cases, operators L arising from small perturbations of a Perron-Frobenius operator L 0 : (X, · ) do not converge in the norm topology. That is, it often happens that L − L 0 → 0 as → 0. Frequently, it is the case that lim →0 |||L − L 0 ||| = 0, where the triple norm ||| · ||| is defined in terms of two norms on X, as follows. Let L ∈ L(X, · ) be a bounded linear operator that extends to a bounded linear operator on a Banach
Thus, the triple norm is weaker than the operator norm on (X, · ). Keller and Liverani [30] showed that, under certain conditions on {L } ≥0 , whenever lim →0 |||L − L 0 ||| = 0, and the L are quasi-compact, then the isolated eigenvalues of L 0 and its associated eigenvectors enjoy stability properties. In particular, they established the following.
Under the extra assumptions (ii)-(iv) of [30] 5 , there exists δ > 0 such that if > 0 is sufficiently small, for every 1 ≤ j ≤ l, the projections
are well defined, independent of the choice of δ for sufficiently small δ, and satisfy the property lim
and there exists K = K(δ, r) > 0 such that for all > 0 sufficiently small and for all n ∈ N, L n Π r ≤ Kr n .
This result may be translated into a convergence statement about Koopman operators, via the following lemma. Lemma 2.2. Let (X, · ) and (Y, | · |) be Banach spaces with X ⊂ Y and |x| ≤ x for every x ∈ X. Let L ∈ L(X, · ) be a bounded linear operator that extends to a bounded linear operator on (Y, | · |), and let |||L||| be defined as in
Proof. The first statement is straightforward from the definitions. The last statement may be checked as follows.
Combining Theorem 2.1 with Lemma 2.2, we get the following. 
Furthermore, the operators (Π ,δ i ) * correspond to the sum of eigenprojections onto eigenspaces of L * of eigenvalues inside B δ (r i ).
Proof. |a − b| . (9) Proposition 2.4. Suppose (6) holds. Let E i := Π ,δ i X, and assume
Remark 2.5. Equation (10) implies the following.
Proof of Proposition 2.4. Let s i = sup x∈Ei\{0} x |x| . Since E i is finite-dimensional, s i > 0. Let us estimate the first term of the right hand side of (9) . Let τ = |||Π
Thus, by the reverse triangle inequality, |Π
Using the fact that dim [27, Lemma 213] shows that if τ is sufficiently small and (11) holds, then sup This "suitable sense" is in general neither pointwise, nor in a sense of closeness in some normed function space, such as L p or C k , so it may not be evident to the eye when plotting numerically computed eigenvectors. This issue is exemplified by the fact that the second and third plots of the second rows of Figures 2 and 4 , despite looking completely different, are indeed close in some sense.
Closeness of Koopman modes should be interpreted in some distributional sense. For a simple example, consider the doubling map T on S 1 ⊂ C, given by T (z) = z 2 . Start with any, say,
. This is typically a very oscillatory function for large k. However, when regarded as a distribution in the dual of C 1 , the sequence (L * ) k (g) converges to the linear functional f → a f dLeb, where a = g dLeb. Indeed, for every f ∈ C 1 , as k → ∞, the mixing property of T ensures that
A more general setup, which allows us to treat maps with discontinuities and is also numerically tractable with Fourier analysis tools, is introduced in §3.
3. The Ulam scheme in fractional Sobolev spaces. The Ulam method [42] provides a way of approximating the transfer operator L of a dynamical system T : M via a sequence of finite-rank operators L k , each taking values on piecewise constant functions. They are defined as follows.
For each k ∈ N, let P k = {B 1 , . . . , B k } be a partition of M into k subsets of positive Lebesgue measure, called bins. Let E k be given by the formula
Fractional Sobolev spaces are well-studied Banach spaces which were introduced to the transfer operator literature in [5] . They are of interest for this work because they make the Ulam scheme compatible with the Keller-Liverani stability technology, as will be established in Theorem 3.1 for the one-dimensional case. Furthermore, these spaces are characterized in terms of Fourier transforms, and this fact will allow us to gain insight into the corresponding eigenvectors via numerical tests in §4. They are defined as follows.
Let t, p ∈ R. Let H t p be the subset of the fractional Sobolev space with parameters p and t on R d . That is, H t p is the space of tempered distributions f such that 
In applications to transfer operators, the specific choice of parameters p and t depends on the map. In particular, they satisfy 0 < t < 1 p , where t is a smoothness parameter, and it can not be larger than the smoothness of the (derivative of the) map.
Given a manifold M , one can construct fractional Sobolev spaces on M , H t p (M ), via charts, and different choices of charts give rise to the same space, with equivalent norms; see e.g. [5] . The main theoretical result of this section is the following. 
be the transfer operator of T 9 . Let {L n } n∈N be the operators arising from the Ulam scheme with bins taken to be n subintervals of uniform length, corresponding to n := 1/n. Then, the stability results of §2.3 hold. In particular, the isolated eigenvalues and eigenspaces of L n and L * n converge (in H The proof of Theorem 3.1 is deferred until Appendix A.
Remark 3.2. When T is piecewise C 2 , a result analogous to Theorem 3.1 is valid with fractional Sobolev spaces replaced by the space of functions of bounded variation, BV ⊂ L 1 . Indeed, stability of the Ulam scheme is established in [30] , and the arguments of §2.3 ensure stability of the Koopman operator on BV * . The main reason for us to focus on the less classical setting of fractional Sobolev spaces is that their duals -which are themselves fractional Sobolev spaces -are more manageable than BV * .
4. Numerical tests for detecting isolated eigenvalues and large-scale almost-invariant sets. In this section we present a numerical test, which exploits Fourier analytical properties of the right eigenvectors of (row-stochastic) Ulam matrices to detect the isolated spectrum of transfer (and Koopman) operators. We consider matrix approximations to transfer operators arising from the Ulam scheme introduced in §3. In the setting of Theorem 3.1, the leading left and right eigenvectors of such matrices yield approximations to the isolated eigenvectors of the original transfer and Koopman operators, respectively. These approximations are close in the sense of fractional Sobolev norms, defined in (13) .
Suppose w j is a small perturbation of an isolated eigenvector W j of a Koopman operator L * , in H −t q . Then, by definition, applying the smoothing transformation w → F −1 (m −t F(w)) to w j yieldsž j := F −1 (m −t F(w j )), a small perturbation of the corresponding smoothed version of W j ,Ž j := F −1 (m −t F(W j )). This approximation is now close in the more basic L q norm. 7 Then, the H t p (I) norm is stronger than H t p (I). We will drop the dependence of the space on the manifold, as it will be clear from the context. 8 Explicit bounds on the necessary expansion may be extracted, with some work, from the proof of Lemma A.5. For any piecewise expanding map, such bounds will be satisfied after taking a higher iterate. 9 The fact that L : H t p (I) is well-defined as a bounded linear operator was established in [5] .
The smoothing procedure described above yields an isometry between H −t q (R) and L q (R). Thus, Ž j L q = W j H −t q = 0. Hence, provided adequate normalizations are taken, if ž j L q is very close to zero, one may discard w j as an isolated eigenvector. In fact, as we order eigenvectors according to the magnitude of the corresponding eigenvalues, if w j is not an isolated eigenvector, neither is any w k with k ≥ j. In order to be able to compare the norms of the different eigenvectors, we initially normalize them in the L q norm; this is equivalent to considering a so-called triple-norm in the Keller-Liverani setup [30] .
By identifying the endpoints of the interval I, we will regard functions on I as periodic (on T 1 ); we point out that the eigenvectors of interest are defined on spaces where pointwise values are irrelevant. We will consider the procedure described above as taking place on a periodic domain. For experiments in dimension two, we will be concerned with tori only, where the definition of fractional Sobolev spaces is an immediate generalization of (13) .
The previous discussion suggests the following numerical test.
Test 1 (Threshold for fractional Sobolev norms).
Set 0 < t < 6. If ž j L q is below the threshold τ , discard w l as an isolated eigenvector for every l ≥ j. Table 1 illustrates how Test 1 is implemented in Matlab. Such code shows how to compute ž j L q in Step (6), assuming w = w j is a vector of even length N , normalized in q-norm.
The smoothing procedure involved in Test 1 also provides a practical tool for identifying almost-invariant sets. Indeed, while stability of Koopman eigenvectors has been established by Theorem 3.1 in a distributional sense, the corresponding stability properties allow us to rely on smoothened versions of the eigenvectors for detecting almost-invariant components. In analogy with the Dellnitz-Froyland ansatz, we will use level sets of the smoothed versions of top eigenvectors to identify almost-invariant sets for the dynamics.
4.1.
One-dimensional piecewise smooth expanding maps. We will illustrate the use of Test 1 with a family of piecewise smooth expanding maps T , involving parameters , δ. This family has been chosen, somewhat arbitrarily, in such a way that when and δ are close to 0, the maps are small perturbations of a map with three ergodic components. Thus, for those parameters, it is reasonable to expect (at least) three near-unit isolated eigenvalues, corresponding to metastable components. % to get rid of NaN entry in z norm( ifft(ifftshift(z)), q ) Figure 3 depicts two such maps, corresponding to parameters = .01 and δ ∈ {0.1, 0.2}. As δ increases, the leftmost peak moves up, making the two left thirds interact more strongly. The parameter may be regarded as fixed for the rest of this section, and the dependence of the map on the parameters , δ will not necessarily be explicit. Given parameters , δ, we let:
), for
), for Remark 4.1 (Choice of parameters for Test 1). We make the following choices for the remainder of this section. We fix p = 1.1, as p = 1 would be the limiting case corresponding (almost) to the space of functions of bounded variation, where piecewise smooth expanding maps have been extensively studied. This choice determines q = 11.
We set t = 0.9, which yields rather smooth outcomes for {ž 1 , . . . ,ž k }, making more evident the low frequency features of {w 1 , . . . , w k }.
We fix k = 5, the number of eigenvalues to investigate. For step (5), we choose τ = 0.05, corresponding 5% of the norm of the dominant eigenfunction w 1 ≡ 1.
We point out that Test 1 seems robust under choices of parameters. We have performed experiments with various choices, and arrived to similar conclusions. For example we have tested p = q = 2, which is commonly used in the applied literature for higher dimensional mixing systems.
Example 4.2 (Metastable map with 3 components).
Test 1 is illustrated in Figure 5 for the map T : I depicted in Figure 3 Table 1 . We note a transition between the top 3 and the other eigenvectors. and 7 show real and imaginary parts ofž j , respectively. The H −t q norm ofž j is shown next to the vertical axis of Column 4. Column 4 is a smoothed version of Column 1; similarly, Column 5 is a smoothed version of Column 2. For both resolutions, Test 1 allows us to detect the presence of three isolated eigenvalues for L * . They correspond to those rows for which the fractional Sobolev norms exceed the threshold 0.05. Figure 8 illustrates how the level sets of smoothed eigenvectors can provide information about almost-invariant components of the underlying map, by setting a threshold and separating the phase space into parts above and below the threshold. The upper graphs depict the signs of the level sets of the smoothed 2nd eigenvector. The lower graphs show the partitions given by the 3rd eigenvectors, with thresholds 0.034 in (a) and .0025 in (b). While the thresholds are ad hoc choices in our examples, the existence of an adequate option already shows the value of the proposed algorithm for the identification of almost-invariant sets. We recall that the partition into intervals (0, 1/3), (1/3, 2/3) and (2/3, 1) is invariant for the map with parameters = 0, δ = 0.
Remark 4.3. We note that the Fourier transforms in the top three rows of Figures 6  and 7 , unlike the bottom ones, have their highest peak at low frequencies. This suggests a test for metastability, which has also been robust to different resolutions and maps. (See also Figures 10, 13 and 14. ) Intuitively, it is reasonable to consider the dominance of low frequencies as a sign of metastability. However, rigorous arguments substantiating this claim are, to our knowledge, unavailable.
Example 4.4 (Collapse of metastable components).
By increasing δ from 0 in (14), we can observe a change in the number of metastable components. Let us fix = .01 and increase δ from δ = 0.1 in Example 4.2 to δ = 0.2. Figure 9 shows the eigenvalues of the Ulam matrix corresponding to 2 13 bins (left), and the quotient of H −t q and L q norms of the top 25 eigenvectors (right).
This test suggests that the third isolated eigenvalue of Example 4.2 is lost for δ = 0.2, as the corresponding Sobolev norm is below the threshold. We consider the addition of a rotation to the map (14) with parameters = 0.01, δ = 0.1, and define T θ (x) = T (x) + θ (mod 1). When θ = 1/3, the three (previously) almost-invariant intervals (0, 1/3), (1/3, 2/3), and (2/3, 1) are now cyclically interchanged by T θ , to become almost-cyclic sets [11] . This property manifests in the spectrum of the Perron-Frobenius operator L : H For irrational θ, as in the periodic rotation case, the spectrum of the PerronFrobenius and Koopman operators may possess an isolated complex-conjugate pair of eigenvalues. This will occur if the rotation is compatible with the dynamics of T so that rotating "coherent sets" persist. Denote the complex-conjugate pair of isolated eigenvalues λ 2 = r 2 e iβ ,λ 2 = r 2 e −iβ , with corresponding complex eigenfunctions f 2 ,f 2 . Since
and L preserves real functions, we see
and
By considering the set S := { ζ : 0 ≤ ζ < 1}, where ζ := (f 2 ) cos(2πζ) − (f 2 ) sin(2πζ), in the case of the Perron-Frobenius operator, one can extract a family of rotating "coherent sets" of the form A ζ = { ζ ≥ c ζ }, { ζ < c ζ } for suitable threshold c ζ (chosen so that ν({ ζ ≥ c ζ }) is independent of ζ), where ζ = kθ, k ∈ Z. A similar construction applies to the smoothed eigenfunctions of L * by linearity of the Fourier transform.
If θ = 1/π, the rotation is close to 1/3 and it approximately maintains the structure of the almost-invariant sets (0, 1/3), (1/3, 2/3), and (2/3, 1). Thus in Figure 11 we see two complex eigenvalues of large magnitude, which appear to be isolated according to Test 1. In contrast if θ = 0.2, this rotation does not preserve the collection of almost-invariant sets (0, 1/3), (1/3, 2/3), and (2/3, 1), and the metastability is lost. In Figure 12 , Test 1 indicates the possible presence of only one nontrivial isolated eigenvalue, and correspondingly that the three-set structure is destroyed by this rotation. is worth remarking that this partition clearly encodes large-scale features of the system. Indeed, it is not highly disconnected as it would be for other eigenvectors. . . , w k , q replaced by p and −t by t. However, such a test roughens eigenfunctions instead of smoothing them. Since numerical approximations introduce noise, at least at small scales, such a roughening procedure emphasizes less-well-approximated modes, and thus provides, in our experience, less reliable outcomes.
Two dimensional examples.
In this section, we investigate the application of Test 1 to two-dimensional systems with expanding and contracting directions. We set the parameters p = q = 2 and t = 1, so that the corresponding Sobolev norm is H −1
. Such a norm is used to quantify fluid mixing, and called a mix-norm [34] . It is worth remarking that this norm smooths out high frequency modes in all directions. For this reason, we employ the same norm to measure eigenvectors of Perron-Frobenius and Koopman operators. We set threshold τ = 1/3. It is worth pointing out that the examples at hand turn out to be highly robust under changes of this value. Indeed, any threshold in the range (0.3, 0.7) would yield the same conclusions.
We remark that this procedure also allows eigenvectors of the transfer operator to be used to identify almost-invariant sets in the hyperbolic case, and not only in the elliptic case where there are truly invariant sets. This setup has been investigated in [26, 35, 17, 33] and references therein. In related work, [15] proposes the socalled unwrapping procedure. There seems to be a similarity between the plots of [15] and the smoothed eigenvectors arising from our experiments. Both methods involve smoothing effects; however, there is at present no complete explanation for these similarities. Here we investigate a two-dimensional system obtained from joining two standard maps in a weakly interacting way. More precisely, we study a map on a 4π × 2π rectangle, obtained from applying a shift of 5% to the left (mod 4π), then applying the standard map on each 2π × 2π side, then shifting 5% to the right, and finally reapplying the double standard map on each side. The standard map applied on each side is given by (x, y) → (x+y, y+8 sin(x+y)) (mod 2π). The horizontal shifts, which only affect the x coordinate, are determined by x → x ± 4π/20 (mod 4π).
While rigorous results on the spectrum of the transfer operator for this system are not available, we anticipate that Test 1 detects at least two isolated eigenvalues, corresponding to the almost-invariant left and right components of the system.
We analyze the Ulam matrix corresponding to 256 × 512 bins resolution. The top 2 10 eigenvalues are depicted in Figure 16 (a). Here, there seem to be several eigenvalues which could be isolated. The mix-norms of the first 25 eigenvectors are plotted in Figure 16 (b). There is a clear gap between the mix-norm of the first two and the rest of the eigenvectors, which is detected by Test 1. Thus, this test adds confidence to the claim that the first two eigenvectors are associated with large-scale dynamical features.
As in the one-dimensional case, the smoothing procedure damps higher Fourier frequencies in such a way that distributions in the space H −1 get transformed to functions in L 2 . Furthermore, a large H −1 norm can be interpreted as the presence of a large-scale structure underlying the distribution. Figure 17 shows the top 5 left and right eigenvectors of the Ulam matrix, as well as the corresponding smoothed versions. We observe that the level sets of the smoothed second eigenvectors provide a very good approximation of the almost-invariant left and right halves. It is worth pointing out that the remaining eigenvectors may still encode information about (almost-)invariant sets. However, such sets would correspond to smaller-scale phenomena. Figure 18(b) . The outcomes of Test 1 again separate the top two isolated eigenvalues, adding confidence to the claim that the first two eigenvectors correspond to large-scale dynamical features. Figure 19 shows the top 5 left and right eigenvectors, as well as the corresponding smoothed versions. The level sets of the smoothed second eigenvectors clearly identify the almost-invariant left and right sides of the phase space. The third row of Figure 19 may encode further almost-invariant sets, corresponding to blue and red in the 2nd and 5th columns. It is not clear whether the system features large-scale almostinvariant sets apart from left and right sides, and the corresponding eigenvector may be interesting for further analyses.
5.
Conclusion. Transfer operator methods of detecting and identifying metastable dynamics are becoming increasingly pervasive in the analysis of real-world dynamical systems. These methods are based on numerical estimates of the eigenfunctions of the transfer operator (or Koopman operator) that correspond to isolated eigenvalues. In this work we put forward the first numerical method for determining which of the computed eigenfunctions correspond to isolated eigenvalues. Our numerical approach is based on the expected regularity properties of the computed eigenfunctions, and is supported by a new theoretical result concerning the stability of the isolated spectrum of the transfer operator and its dual, the Koopman operator. Our suggested implementation of the numerical method is based on Fourier analytic tools, which are currently being used in both applied and pure studies of mixing in dynamical systems (under the names of mix-norms and fractional Sobolev spaces, respectively). We show that these tools, in conjunction with the well-known Ulam method of numerically approximating the linear operators, effectively numerically identify isolated spectrum of transfer and Koopman operators, as well as recover underlying large-scale nearly invariant sets. Our proposed numerical test provides an improved visualisation of almost-invariant or metastable sets (an improvement over the raw eigenfunctions of the transfer operator and Koopman operator), particularly in the complicated setting where there is both expanding and contracting dynamics. We also provide an interpretation of eigenprojectors corresponding to complex eigenvalues. The current paper is focused on autonomous systems, and work on extending the method to the non-autonomous setting is underway. 
